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Abstract. We analyse some properties of the cohomogeneity one Ricci soliton equations, and use 
~qq~. Ansatze of cohomogeneity one type to produce new explicit examples of complete Kahler Ricci 

' solitons of expanding, steady and shrinking types. These solitons are foliated by hypersurfaces 

which are circle bundles over a product of Fano Kahler-Einstein manifolds or over coadjoint orbits 
£NJ ■ of a compact connected semisimple Lie group. 

D 
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q 1 ■ (.). Introduction 

Q , A Ricci soliton is a solution (g, X), where g is a complete Riemannian metric and X is a complete 

vector field on a manifold M, to the equation: 



(0.1) Ri C (g) + l -L x g+ e -g = U 1 

where e is a real constant. The significance of such a solution is that it generates a family of metrics 
that evolves in a particularly simple way under the Ricci flow 

G\ : (0.2) ^ = -2Ric(g T ). 

For we may now define a 1-parameter family of vector fields 
<N : Y T = - J— X 

o ; 1 + er 

and integrate these to a 1-parameter family of diffeomorphisms ip T on M. Then g T = (1 + er)^*g 
defines a solution to the Ricci flow which evolves just by diffeomorphisms and homotheties. The 
soliton is called steady, expanding, or shrinking depending on whether e is zero, positive, or negative. 
^ Steady solitons therefore give examples of eternal Ricci flows, i.e., ones defined for all r £ (— oo, oo). 

Expanding and shrinking solitons give respectively immortal solutions on (— -,+oo) and ancient 
solutions on (— oo, nr). 

Note that equation (10. lj) may be written instead as 



(0.3) Ric{g) + S*u + ^g = 

where u is the 1-form dual to X via the metric g and 5* is the symmetrized covariant derivative. A 
particularly important class of solutions is obtained if we take u to be exact, or equivalently take 
X to be the gradient of a smooth function u. In this case the Ricci soliton equation becomes 

(0.4) Rie(#) + Hess(n) + 1 9 = 0, 

where Hess denotes the Hessian. A solution (g, u) of this equation is called a Ricci soliton of 
gradient type. 
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Ricci solitons are of course generalisations of Einstein metrics, for if X is the zero vector field 
we recover the Einstein equation from (jO.ip . It is natural therefore to ask whether techniques 
for producing Einstein metrics can be adapted to produce examples of Ricci solitons. One such 
approach is to look for solutions with large symmetry group. Recall that Perelman's no breathers 
theorems (cf §2 and 3 of |Perj ) imply that on a compact manifold all Ricci solitons are of gradient 
type. Several authors, e.g., |ELM| have then observed that this fact immediately implies that 
compact Ricci solitons with constant scalar curvature must be trivial, i.e., Einstein. For if we take 
the trace of (|0.4p we obtain 

TIC 

R + Au + — = 0, 

where R is the scalar curvature and n is the dimension of M. If R is constant, we can integrate over 
the manifold to deduce that R + ^ = 0, so u is constant and the soliton is trivial. In particular, 
compact homogeneous solitons must be trivial. By contrast, nontrivial noncompact homogeneous 
Ricci solitons exist, and there is a beautiful correspondence between left-invariant Einstein metrics 
on solvable Lie groups and homogeneous Ricci solitons on their nilradicals (cf [La], [FDC]). 

The next step up in complexity from homogeneous metrics are those of cohomogeneity one, that is, 
those where a group acts isometrically with generic orbit of codimension one. Curvature equations 
are therefore reduced to ordinary differential equations in a variable transverse to the orbits. The 
foundational work here is due to Berard Bergery [BB] , who developed the mathematical framework 
of Page's metric [Pa| and produced further new examples of Einstein metrics of cohomogeneity 
one. We remark here that the same equations may arise in any situation where the metric on 
the hypersurfaces depends on a single transverse variable, whether or not the hypersurfaces are 
homogeneous (see Remark 11.1 7[) . Indeed many of Berard Bergery's examples were already of this 
form. 

Recall that a Ricci soliton is said to be Kahler if in addition there is a complex structure for which 
g is Kahler and X is an infinitesimal automorphism. By the work of Tian and Zhu [TZ1|, [TZ2], 
Kahler-Ricci solitons on compact complex manifolds are unique up to holomorphic transformations. 
Several authors [Ko], [Cal] . [Ca2] . [CnV] . [G], [PTV] . [FIK] . jYaii] have produced cohomogeneity 
one type Kahler-Ricci solitons where the hypersurfaces are circle bundles over a Fano Kahler- 
Einstein space. The hypersurfaces are equipped with metrics such that the bundle projection 
becomes a Riemannian submersion with totally geodesic fibres. We also note that X.-J. Wang and 
Xiaohua Zhu have shown that compact toric Fano manifolds always admit Kahler Ricci solitons 
[WZ] , and their result has been generalised in [PS2] to Fano bundles over a generalised flag manifold 
with compact toric Fano fibres. 

In this paper we formulate a general approach to Ricci solitons of cohomogeneity one and use it, 
in the Kahler setting, to unify and generalise all the above cohomogeneity one type examples. We 
particularly focus on the situation where the hypersurfaces are generic circle fibrations over arbitrary 
compact homogeneous Kahler manifolds (see §4), or certain circle bundles over an arbitrary product 
of Fano Kahler-Einstein manifolds (see §3). In the latter case, the Fano manifolds need not have 
any isometries, so the resulting Kahler manifolds need not have more than a circle of isometries. 
We consider both the compact and non-compact cases, and for each hypersurface we analyse the 
different blow-downs which form a smooth compact end. We note that the corresponding Fano 
Kahler-Einstein case was considered by [Saj, [KSlj . |KS2] . |PS1| . while the complete non-compact 
Kahler-Einstein case was examined in |DaW| and [WW] , (cf |Wa] . Thms 3.1 and 3.2 for more 
general blow-downs than those in [WW]). 

In more detail, the layout of the paper is as follows. In §1 we develop the general formalism 
for cohomogeneity one Ricci solitons, and write down the resulting system of ordinary differential 
equations. §2 is devoted to proving an analogue for Ricci solitons of a theorem of A. Back concern- 
ing the cohomogeneity one Einstein equations [Baj . Namely, we show that provided a special orbit 
of dimension strictly smaller than that of the principal orbits is present and a sufficient amount of 
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smoothness of the metric and 1-form is established, the full Ricci soliton equations on a cohomo- 
geneity one manifold actually follow from a smaller set of equations which includes the components 
of the soliton equations along the principal orbits. 

In §3 we focus, as mentioned above, on the case when the hypersurface is a circle bundle over 
a product of (possibly inhomogeneous) Kahler-Einstein manifolds. We find that the Ricci soliton 
equations, like the Einstein equations, admit a class of explicit solutions representing solitons with 
Kahler metrics. By judicious choice of parameters we can arrange the boundary conditions so as 
to obtain steady and expanding solitons on vector bundles over products of Fano Kahler-Einstein 
spaces (cf Thm I3.20p . These vector bundles may be of rank one or of higher rank. The latter 
examples thus generalise the [/(n)-invariant Kahler-Ricci solitons on C n due to H. D. Cao [Calj . 
However, the sectional curvatures in the new examples are no longer positive. 

We also find compact shrinking solitons, where the manifold is a CP^bundle over a product of 
Fano Kahler-Einstein manifolds, or is obtained from such a bundle by blow-downs (cf Thm [3T25|) , 
Furthermore, we produce examples of complete noncompact shrinking solitons generalising those of 
[FiK] (cf ThmQJ. 

In §4 we return to the strict cohomogeneity one setting and consider principal orbits which are 
circle bundles over a generalised flag variety. Here, as in [DaW] . we make the assumption that the 
isotropy representation of the principal orbit is multiplicity free. We note that the hypersurface is 
now a Riemannian submersion over a Kahler (though not necessarily Einstein) metric. We shall 
show that the soliton equations are identical to those in §3, and hence we obtain new examples of 
steady, expanding, and shrinking solitons in this setting also. 

1. The Cohomogeneity One Ricci Soliton Equations 

In this section we will adapt the Ricci soliton equation (|0.3p to the cohomogeneity one setting, 
following basically the approach and notation of [EWj. 

Accordingly, let G be a compact Lie group acting via isometries on an n+l-dimensional connected 
Riemannian manifold (M, g) with one-dimensional orbit space, which is further assumed to be not 
a circle. We choose a unit speed geodesic j(t) which intersects all principal orbits orthogonally. 
Let K denote the principal isotropy group along j(t). Then there is an equivariant diffeomorphism 

$ : I x (G/K) — ► M 

given by <&{t,gK) = g ■ 7(i), where Mq C M is the open and dense subset consisting of all points 
lying on principal orbits and I is an open interval. We denote by Pt the principal orbit passing 
through j(t) and by P an abstract copy of the homogeneous space G/K, which is assumed to be 
connected. It then follows that 

(1.1) <$>*(g) = dt 2 +g t 

where gt is a one-parameter family of G-invariant metrics on P. It will be convenient to fix a 
background metric b on P which is induced by a bi-invariant metric on G. We can then write 

g t {X,Y) = b{q t (X),Y), X,Y G TP 

where qt is a 6-symmetric automorphism of TP. 

We will adopt the convention that V, Ric, and R denote respectively the Levi-Civita connection, 
the Ricci tensor, and the scalar curvature of the metric ~g, while V*, Ric*, and R denote the 
corresponding objects for gt. Whenever the context is clear, we will drop the i-dependence to 
simplify the notation. In this spirit, we let Lt denote the shape operator of the orbit Pt, i.e., for 
any X G TP t 

L t (X) :=V X N 
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where N = $#(^) is a unit G-equivariant normal field along Pt with V^N = 0. Via the diffeo- 
morphism <3?, we can regard Lt as a one-parameter family of G-equivariant, ^-symmetric endomor- 
phisms of TP. In particular, its trace tr(L) is constant along P t . We also have, for 1,7 6 TP, 

g t (X,Y) = 2g t (L t (X),Y) 

where ' denotes 4, and 

= VatL. 

In |EWj . viewing Mq as an equidistant hypersurface family, and using the Gauss and Codazzi 
equations together with the Riccati equation for L, one obtains 

(1.2) mc(N,N) = -tr(L) - ti(L 2 t ) 

(1.3) Ric"(X,iV) = -g t (5 vt L t ,X)-d(trL t )(X) 

(1.4) m{X,Y) = Ric t {X,Y)-ti{L t )g t (L t {X),Y)-g t (L{X),Y). 

where X,Y e TP t , L t is viewed as a TP- valued 1-form on TP, and 5 V * : T*{P) <g> TP —> TP is the 
codifferential. 

Let us now consider the Ricci soliton equation on (M,7j). This becomes 

(1.5) m{g)+Tu + ^g = 
where To is a 1-form on M and 

T : Q}(M) -^S 2 {T*(M)) 

is the symmetrized covariant differential. Note that if we take the vector field g-dual to 57 and 
use Lemma 1.60 in |Be| we obtain Eq.(1.8) on p. 4 of [Cetcj . Note also that if we add a 1-form 
corresponding to a Killing vector field to 57 we obtain another solution of the soliton equation. 

Suppose next that G is any compact group of isometries of g. We fix a unit volume Haar measure 
d/iG on G. For (p £ G, since <p*5 uJ = 5 (f*uJ, we obtain from Eq. ni.5H that 

5*(p*ZJ = s*u, 

so that (M,~g, <p*&) is also a Ricci soliton. Moreover, for p S M, X E T p M, we may define 

ui p (X) := / uJ p (<p*X) dfi G ((p). 
JG 

By differentiating under the integral sign and the above fact, we readily obtain 5* Co = 8*Zu. 

In other words, if (M,g,u) is a Ricci soliton and g has a compact subgroup G of isometries, we 
may assume that the 1-form To is also G-invariant. In the special case of a gradient Ricci soliton 
with To = du for some smooth function u on M, the above argument shows that we may assume 
that u is G-invariant. (u is often called a potential for To.) 

Returning to the cohomogeneity one situation, we will assume from now on that To is G-invariant. 
Then it follows that 

(1.6) <S>*To = £(t) dt + u t 

where £ is a function of t only and uit is a 1-parameter family of G-invariant 1-forms on P. 

Lemma 1.7. For X, Y € Tp, we /iaue 

a. (£*57)(]\r,tf)=£, 

b. (5*57) (JV,*) = | w t (X) -wt(LipO), 

c. (<5*57)(X,y) = £ 5t (L t (X),Y) + (ff*wt)(Jf,r), 
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Proof. Since V X N = 0, it follows that 

(Tlo)(N,N) = (V N Zo)(N) = N(uJ(N)) = 1 

which gives the first assertion. 

Next we consider X £ TP and extend it first to a local vector field in P and then via $ to a 
local vector field in Mq. It follows that [N, X] = 0. Then we have 

2(S*u)(N,X) = (V N Zu)(X) + (y x Zu)(N) 

= N(u t (X)) - uJ(V N X) + X(uJ(N)) - Zo(V x N) 
= u{X) - 2lu{V x N) 

since X(t;) = 0. This gives the second assertion. 

For the third assertion, let us extend X, Y to local vector fields as above. We have 

V X Y = V X Y + g(V x Y,N)N = V X Y - g(L(X),Y)N. 

It follows that 

2($*u)(X,Y) = X(uJ(Y))+Y(uJ(X))-uJ(\7 x Y + V Y X) 

= X(u(Y)) + Y(u(X)) + 2£g(L(X),Y) - co(V x Y + V Y X) 
= 2{6*lj){X,Y) + 2£ g(L{X)X). □ 

Combining the above Lemma with (jl.2p - (jl.4p . we obtain 

Proposition 1.8. Let (M n+1 ,g) be a Riemannian manifold where M admits a cohomogeneity one 
action with respect to some compact group G of isometrics ofg. Assume that uJ is a G-invariant 
1-form on M . Under the diffeomorphism <I> : / x P — > Mq induced by a unit-speed geodesic 7 which 
intersects all principal orbits orthogonally, the Ricci soliton equation for g and the vector field dual 
to UJ is equivalent to 

(1.9) - (5 v %) b - d(tr(L t )) + i uH-utoLt = 0, 

(1.10) _tr(L)-tr(L?) + e + | = 0, 

(1.11) Eic t (X,Y)- tr(L t ) g t (L t (X),Y) - g t (L(X),Y) + 

£ g t (L t (X),Y) + (6*u t )(X,Y) + ^g t (X,Y) = 0, 

for all X,Y £ TP t ,t € I. 

Conversely, if gt (resp. uJt) is a smooth 1-parameter family of G-invariant metrics (resp. 1- 
forms) on P = G/K and £ is a smooth function of t £ I such that, with Lf defined by g(X,Y) = 
2gt(Lt(X),Y) for X, Y £ TP, the above system holds, then g = dt 2 + gt and Co = ^dt + u>t give a 
local Ricci soliton on I x P. □ 

In the above we have used the notation to denote the 1-form dual to the given vector field Z. 
In the situation of a gradient Ricci soliton, ZJ = du, where we may assume that u is a G-invariant 
function, Lemma ll.7l then implies that the only non-trivial components of 5 ZJ = Hess(n) are 

(1.12) (Tu)(N,N) = u 

(1.13) (TuJ)(X,Y) = ug t (L t (X),Y) 
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where X, Y E TPf. We then obtain the system 

(1.14) - (<5 V ' L t f - d(tvL t ) = 0, 

(1.15) -tr(Lj) - tr(L t 2 ) + u + | = 0, 

(1.16) Ric 4 (X, y) - ti(L t ) g t (L t (X), Y) - g t (L(X),Y) + 

ug t {L t {X),Y)+ e - g t (X,Y) = 0. 

Remark 1.17. The above formulas are valid not just in the cohomogeneity one setting but also 
when we have a manifold which, after removing some higher codimension submanifolds, is an 
equidistant hypersurface family. More precisely, suppose M™ +1 has a smooth real-valued function 
t with range an interval / such that Mq := i _1 (int(I)) is diffeomorphic to a product int(7) x P for 
a fixed n-dimensional manifold P. Furthermore, assume that on M there is a Riemannian metric 
g and a 1-form ZJ such that under pull-back via some such diffeomorphism they have the respective 
forms (11, lj) and (jl.6)l . Then (ll,2j )- (ll,4j) and Lemma ll . 71 remain valid, and hence so does Proposition 

CLE 

Unlike the cohomogeneity one situation, however, tr(Lj) does not in general depend only on t, 
so the d(tr(Lt)) term in Eq. (jl.9p could be nonzero. As well, the scalar curvature of each level set 
(Pt,gt) is not necessarily constant. In the case of a gradient Ricci soliton, (|1.14j) - (|1.16j) require the 
assumption that the potential u is constant on each P^. 

We now give a more precise description of the G-invariant 1-forms uJt, and hence of Eq. (|l.lip . 
To this end, let 

= 6©P 

be an Ad^-invariant decomposition of q with respect to the background bi-invariant metric on G, 
so that p « Xhfi(P). Let p denote the subspace of p on which Ad^ acts as the identity. Then uj t 
can be regarded as a path in pQ. 

Let {Zi, ■ ■ ■ , Zi} be a 6-orthonormal basis of p and {9\, ■ ■ ■ , 9i} be the dual basis. Then u t = 
Si=i Wi(t)6i for certain smooth functions Wi{t). We will write down Eq. (jl.lip along the geodesic 
7(t). We begin with the proof of part c of Lemma 11.71 where we now assume that X, Y are the 
Killing vector fields on Mq generated by two vectors in p ~ T[k](G/K). Using the Lie derivative, 
we have 

26*uJ(X,Y) = 2£ g t (L t (X),Y) + {L x uj t )(Y) + {L Y u t ){X) - u^X + V t x Y). 

By G-equivariance, the second and third terms on the right vanish, while the last term can be 
written as 

- HV*y + V y X, Zi) Wi {t) = -g t (V x Y + V y A, W t ) 

i 

where Wt ■= 9t~ 1 (X]i w i(t)Zi) is the gt-dual to Uf By Proposition 7.28 in [Be], the last expression 
becomes 

-g t ([W t ,X]p, Y)-g t (X, [W t ,Y] p ), 
where we have switched to using brackets in the Lie algebra q. Hence Eq. (jl.lip becomes 

(1.18) Ric t (X, Y) + (e - tr(L)) g t (L(X), Y) - g t (L(X),Y) + | g t (X, Y) 

~(g t ([Wt, X] p ,Y)+g t (X, [W u Y]p)) = 0. 

Remark 1.19. Note that in the last two terms of (|1.18p we have the operator ^(advi/ t + ad^) 
where * denotes the adjoint with respect to gt- To deal with it, the following observations are 
useful. 
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(i) Using the background biinvariant metric b we can decompose p as an Ad^-invariant or- 
thogonal sum 

p = p ©Pi© ■■■epr 

where pj and p^ are inequivalent orthogonal real representations if i ^ j and each p i is a sum 
of equivalent irreducible orthogonal summands. Then p is an Adj<--invariant subalgebra of 
g. In fact it is the Lie algebra of C° (K) / Z° (K) , where C and Z denote respectively the 
centralizer and centre, so p is of compact type. 

(ii) We have [po,pj] C pj for all i because for any irreducible Ad^-submodule m of p and any 
h 6 C(K), Adh induces an Ad^-equivariant isomorphism of m with Ad/ l (m), so the latter 
lies in the same pj as m does. Note that qt(p{) C pj for all i as well. Since Wt 6 Po 5 it 
follows that the operator i(adw t + ad^ ) maps pj to itself. 

Remark 1.20. In studying cohomogeneity one metrics one sometimes makes the assumption that 
there is a 6-orthogonal decomposition of p into Ad^-invariant summands, say p = mi©- • •®ttt£, such 
that <7t|rti, = fi{t) 2 b\xxii- (Here one does not assume that rrij is irreducible.) This is the situation 
in a multiple warped product or when p is a sum of pairwise inequivalent irreducible orthogonal 
representations. Suppose further that ad\y t preserves the above decomposition. Then Ad exp ( s w t ) 
leaves all mj invariant, and so it is clear from the form of the metric that exp(sWt) acts on the 
right of G/K via isometries of g t . Hence S*u t = \tL>w t 9t = 0- Note that by Prop. 3.18 in [BBJ, 
we also have Ric(A, N) = 0. So by (|1.9|) . (|1.3|) . and (|1.7|) we are reduced to the case of a gradient 
Ricci soliton. 

Next we consider briefly the smoothness criterion for To when there is a special orbit G/H, where 
K C H and H/K = S k . This is obtained in essentially the same way as for the metric g (cf. the 
first remark on p. 114 and section 1 in [E W] ) . Let V ~ M fc+1 denote a normal slice at [H] G G/H 
and ( , )o denote the Euclidean metric on it (induced by g if it is already given). The subgroup H 
acts orthogonally irreducibly on V and, because of the cohomogeneity one assumption, transitively 
on the unit sphere in it. But in general H need not act effectively on V. We denote by p + and p_ 
respectively the subspaces of the tangent space T e x(G/K) corresponding to H/K and G/H. 

On the tube around G/H, the 1-form U is determined by an .ff-equivariant map from V — ► 
V* © pi and vice versa. The Taylor series for this map gives rise to i!f-equivariant homogeneous 
polynomials on V with values in V* © pi, i.e., elements of TV m := Hom//(S m (F), V* © pi). For 
To of the form £(t)dt + tot to be smooth, it is necessary and sufficient (cf Lemma 1.1 in |EW| ) that, 
for all m, its mth Taylor coefficient (as a function of t) be the restriction to the unit sphere in V 
of elements of W m . Note that at [K] £ H/K = S k these elements must have a value which is fixed 
byK. 

Besides determining the spaces W m , one of the technical points of applying the above smoothness 
criterion is to reconcile the relationship between the biinvariant metric b, the metric dt 2 + gt, and 
the Euclidean metric ( , )o on V . It is now convenient to write 

= t®p + ffip_ 

where the above decomposition is 6-orthogonal and \] = 6©p + . We have a corresponding orthogonal 
decomposition p = o + © o_, and we will take the basis {Z\, ■ ■ ■ , Z{\ of p chosen before to be 
adapted to this decomposition. 

Note that if p = 0, then on I x P we have To = du, where u(t) is an anti-derivative of £(t). 
Furthermore, if there is a special orbit G/H (with K C H) then smoothness further implies that u 
is even in t. We therefore obtain 

Lemma 1.21. Suppose that (M,g,TJ) is a cohomogeneity one Ricci soliton with To chosen to be G- 
invariant. If the isotropy representation of the principal orbit has no trivial irreducible summands, 
then it must be a gradient Ricci soliton. 
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For a gradient Ricci soliton of cohomogeneity one with G-invariant potential, we have uJ = u dt 
for some smooth function u(t). If there is further a special orbit at t = 0, then u(t) must be even 
in t. □ 



2. Some Consequences of the Contracted Second Bianchi Identity 

We begin with a general remark about the Ricci soliton equation (|0.3|) . It is well-known (see, 
e.g., Lemma 1.10 in |Cetcj ) that the contracted second Bianchi identity yields the consequence 

(2.1) Alu = 2uj o r 

where A is the Laplace-Beltrami operator and r is the Ricci endomorphism. The following result 
is a simple extension of Theorem 5.1 in [DTK] and a special case of Bando's result |Banj for the 
Ricci flow. 

Lemma 2.2. Assume that dimM > 3. Then the system consisting of j70| and <\2.1^ is a quasi- 
linear elliptic system in harmonic coordinates. Hence a C 2 solution (g, u) of the Ricci soliton 
equation is automatically real analytic. 

Proof. Note that in harmonic coordinates, the principal symbol of the linearization of the system 
at a solution is given by 

(p,v)^(\\C\ 2 9 P,\\C\ 2 9 v + ---) 

where (p, if) £ S 2 T*M © T*M, • • • denotes an expression linear in p, and £ is a nonzero cotangent 
vector. Hence the system is quasi-linear elliptic. If (g, u) are C 2 in harmonic coordinates, we 
can apply Morrey's interior regularity theorem as in [DTK]. However, in transforming (g,uj) to 
harmonic coordinates, the resulting tensors are only in C 1,a . We then need to apply Theorems 8.8 
and 9.19 in [GT] to the components of the system to see that in fact (g,uj) are C 2,a . □ 

Returning to the cohomogeneity one situation, if we use the connection Laplacian instead of the 
Laplace-Beltrami operator, (|2.ip becomes 

(2.3) V* VZJ = TDof 

where f is now the Ricci endomorphism corresponding to the Ricci tensor Ric via g. It is classical 
[Ya] that this equation is also satisfied for a 1-form dual to a Killing field. So in considering 
symmetric Ricci solitons, in addition to its role in ellipticity, it is natural to examine the relation 
of (12. 3p to the Ricci soliton equations. 

In this section we show that Eqs (\l.9b and (|1.10p can be replaced by Eq. (|2.3p , provided there is a 
special orbit of dimension strictly smaller than that of a principal orbit and provided C 2 regularity 
for g and uJ has been established. This generalizes an observation of A. Back for the cohomogeneity 
one Einstein equations (cf [Ba] and |EW| . pp. 118-120). 

Lemma 2.4. For a G-equivariant 1-form ZJ of the form t\1.6\i . Eq. <\2.Sft) is equivalent to the equations 

(2.5) 2^($*u*)(L t (e i ) J e i ) = | + tv(L t )i - (tr(L) + 2 tr(L, 2 )) £, 

i 

(2.6) V*Vu t -u t or t = u-2(u t oL t y + tr{L t )dj - 2tr(L t )(uj t o L t ) - 2^ L t f 
where {ex, • • • , e n } is an orthonormal basis ofTPt. 
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Proof. This proceeds essentially by straight-forward computation using a local orthonormal frame 
{N, e\, ■ ■ ■ ,e n }. First, we consider 

V*VuJ(iV) = -(V N V N oJ)(N)-Y,((Ve t V ei iJ)(N)-(V Vete u)(N)) 

i 

= -N(NO + ]T (eiMLtfe))) + (V ei 57)(Lt(ei)) - ^(^(V^)) + ^V^, A^) 

i 

= -£ + E (2(V e ^ t )(L t ( ei )) + ^((V ei L)( ei )) - 5(V ei (^( ei )), iV)^) - tr(L)£ 

i 

= -| + 2j2g t (Lt(ei), ej )(V^)(e;) - ^(<5 V %) + £ <? f (L t ( ei ), L t ( ei ))£ - tr(L)£ 

i,j i 

= -I + 2j2(t*"t)(L t (ei), et) - ^(<5 v *L t ) + tr(L t 2 )£ - tr(Lt)£. 

i 

Also, using (jl.2p and (|1.3|) . we have 

cJ(f (AO) = RiH(iV, N)£ + Ric"(Xs e<) i^fo) 

i 

= -(tr^+trCL^-^c^CeiJ^CJ^^+eiCtrCLt))) . 

i 

Putting the two computations together and noting that tr(L^) depends only on t, we obtain (|2.5p . 

Similarly, by using (jl,3p and (|1.4|) we have, for X £ TPt (extended to a local vector field in the 
usual manner such that [X, N] = 0), 

ZJ(r(X)) = mE(X,N)C + J2 RR^,e 4 ) ufa) 

i 

= -g t (6 vt L t , X)£ + ^c^(ei) (Ric(X, e 4 ) - tr(L t ) 5i (L t (X), e,) - gt(L(X), e*)) 

j 

= -<?^ v %, X)£ + - tr(L«) wt(Lt(X)) - c^(L(X)). 

On the other hand, we have 

(V*VuJ)(X) = -(WV^)(X)-^((V ei V e ^)(X)-(V^ ei aJ)(X)) 

i 

= -N{{V N uJ){X)) + {V N cJ)(L t {X)) 

-£ (eiCCVe^X*)) - (V ei uJ)(V ei X) - (V ei e,)K(X)) +^(V^ e X)) . 

i 

After systematically splitting the covariant derivatives in the above expression into their compo- 
nents along and orthogonal to the principal orbits, we obtain 

-Q(X)+2N(u t (L t (X))-u t (L(A))-^(V* ei V^)(X)-£ £ L t (e,,))) + giV^X), N)) 

i i 

-tv(L t )u(X) + tv(L t )u t (L t (X)) + ^(V^M*)) +Y / g(X,L t (y t ei e i ))Z - ^(V^X). 

i i i 

Unravelling the covariant derivatives further in the above, we arrive at 

-u{X) + 2{uj t oL t y{X)-uj t {L{X)) + (V*Vuj t )(X) + Zg t (X, 5 V * L t ) + ti{L t )uo t {L t {X)) - tr(L t )u(X). 
Combining this with the computation for U(f(X)) above, we finally obtain (|2.6p . □ 
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Remark 2.7. Notice that in the setting of Remark II .171 the above Lemma remains valid provided 
that all the hypersurfaces Pt have constant mean curvature. 



Remark 2.8. In the case of a gradient Ricci soliton with u = u dt, Eq, (|2.3p becomes the system 

(2.9) ^ +tr (L t ) ii-(tr(L) + 2tr(L t 2 )) u = 

dt A 

(2.10) ug t {5 vt L t ,X) = 

for all X G TP± and all t. In particular, for a non-trivial gradient Ricci soliton, the second equation 
coincides with Eq. (ll,14p (since tr(L t ) depends only on t). If we combine Eq. (l2.9p with Eq. (ll,15|) 
then we obtain 

d^u 

(2.11) -p- + tr(L t ) u + tr(L) u - 2uu - eii = 0. 

This last equation, which may be viewed as an equation for u, corresponds to the first integral 
observed in [Ivj (p. 242) and more generally in [Ha] (pp. 84-85) and |Ca3] (p. 123). 

Proposition 2.12. Suppose that g and UJ are respectively a G-invariant metric and 1-form on 
int(J) x P of the form (1 1. 1^ and (| 1.6ti . Let v denote the ratio of the volume of gt to that of the 
background metric b. 

(i) If Eqs.^Jj§ and (fj^) hold, then 

§~ t (v (m(N,X) + \ u(X)-uj t (L t (X))\} = 

along j(t) = (t,xo), where X £ T XQ (P) and xq G P are arbitrary. 

(ii) If Eqs. t\1.9ty . (| 1. 1 l\i and \2.hl) hold, then along each *y(t) as above we have 

Proof of (i). By G-equivariance, we may assume that xq is the base point [K] £ P = G/K. We 
can extend X to a vector field in P near xq and then to a local vector field in int(J) x P in a 
neighbourhood of 7. When we compute at 7(t), for a fixed value of t, we will choose a local gt- 
orthonormal moving frame {ei, • • • , e n } on P such that at xq we have Vg.ej = for all 1 < i,j < n. 
This then induces a moving frame on int(I) x P which is not necessarily orthonormal off Pt but 
which still commutes with N. 

Since the scalar curvature of g is constant along Pt, the contracted second Bianchi identity yields 
at 7(f) 

= (V N m)(N,X) + ^(V ei Ric")(e 4 ,X). 

i 

As VjviV = and [N, X] = 0, the first term on the right becomes 

N(me(N, X)) - mc(N, L t {X)). 

The second term equals 

(ei (RRe; , X)) - Ric"(e i5 V e ,X) - Ric(V ei e h X)) . 
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We can now split the ambient covariant derivatives into their components along and orthogonal to 
Pt, after which we may apply Eq. (|l.llj) three times to get 

m(L t (X),N)) + tr(L t )m(X,N)-^2e i ^g t (L t (X),e i ) + (5*u; t )(X,e i )) 

i 

+ (S9t(Lt(ei), V\.X) + {STuh^V^X)) 

Combining the above computations and unravelling the differentiation with respect to &\ yield 
= N(m^(N,X))+tv(L t ) miX^-^tgti^LHXlei) 

i 

i 

= N(m(N,X))+tv{L t ) m(X,N) + £ g t (X,S vt L t ) + ^(V*Vio t )(X) 

i 

= N(RIE(N, X)) + tv(L t ) Ric(X, AT) + £ g t (X, 5 V * L t ) + ^X{6^io t ) 

+±((y*Vu; t )(X)-u t (r t (X))) 

Note that <5 V< u>t is a G-invariant function, so X(5^ 7 * ujt) = 0. We now multiply the last equation 
by v and use the fact that v = tv(L t )v to get 

(2.13) = ^ (v(m(X, N))) + < g t (X, 5^ L t ) + | ((V*Vu t )(X) - co t (r t (X))) . 



If (|2.6p holds, then we obtain 

= | (t;(Kfc(X, JV))) + | - (c* o L t )(X)^ , 

as required. □ 

Proof of (ii). Recall that we assume (|1.9p and (jl.lip in the following. This time let {N, e%, ■ ■ ■ , e n } 
be an orthonormal frame in a neighbourhood of ~f(t) adapted to int(I) x P. By the contracted 
second Bianchi identity, we have 

~dR(N) = N^(N,l^) + ^[ei^(e i ,N))-m(^ ei e i) N)-m{e i ,Lt(e i ))) 

i 

= N(R^(N,N))+tv(L t ) B^(N,N) +£tx(L 2 t ) + ^ti(L t ) +J2(S*u t )(L t (e i ),e i ) 

i 

+ S ( e i(-^( e *)) + w *(M e *))) + ^(V*^) - (u t o Lt)(V^ei) J 

i 

where we have used fjl .9|) twice and (jl.lip once. On the other hand, 

dR(N) = N \mc(N,N) + ^Ric( ei ,e,)^ 

= iV(Ric"(iV, AT)) -£tr(Lt) - etr(L) - N(tr(5*co t )), 
where we have used (jl.lip again. 
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The above expressions for dR(N) combine to give an equation, which, after multiplying by v 2 
can be written as follows: 

(2.14) = N (v 2 ^ + m^(N,N))) +U 2 (2£tr(L 2 ) + (£tr(Li))-) 

W ^2^(ra; t )(L t (e i ),ei)+iV(tr(5*a; t ))+J v ^-2 ( J v< (a; t oL t )j . 

One readily checks that 

5 v \u t oL t ) = Wt (£ v %)-^(V^ t )(L t ( e ,)) 

i 

= ^(J vt L t )-^(^ t )(L t (e,), ei ). 

i 

In order to compute N(ti(S*uJt)) + we switch to a frame {e±, • • • , e n }, orthonormal at 7(i), 

of the type used in the proof of (i) above. Then 

N(tv(S*u t )) = \n [y^cfi ((V^fo) + (V^ t )( ei )) j . 

Note that at j(t), we have 

9 %3 = -9%j = -2gt{L t {ei),ej) 

and 

= -^(V^XeO = - ^(^(ei.et) = -tr(<Tu;). 

Using [e j ,N] = we now have 

iV((V^)( ei )) = ^feMe^-a^V^-)) 

= (V^)( ej )-^(V w V eiej ) 

= (V^oOfo) - wt((V^it)( ei )) - u t (R Njei ( ej )). 

It follows that 

iY(tr(5* Wi ))+5 vt d; = -tr(^cj) - 2 ^ gt(L t ( ei ), e 3 ) (5*u t )(ei, e 3 ) 

i,i 

+-J2 [2{5*u){e h ei) - 2cj t ((V t ei L t )(e i )) - 2io t (R N ^(e i ))) 

i 

= -2 J2( S *"t)(L t ( ei ), et) + u; t (8 vt L t ) - ^ u t (mE(N, a)*) 

i i 

= -2Y,(S*"t)(Lt(e i ),e i )+2uj t (d vt L t ) 



where we have used (|1.3p in the last step. 
Eq. (|2.14p now becomes 



= n(v 2 (^ + Ric(N, iV))) + v 2 \2Z tr(L 2 ) + (£tr(L t ))' + 2^(^)(£ t (e i ) J j 
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Applying (|2.5p we get 



- N(v 2 [^ + Kic{N, N)))+v 2 ( 2£ u(Lf ) + iO'l I, i ) -K + ul L, K - { uU) + 2 iv(Lf) ) <; 



iV ( W 2 (| + Ric(iV, N)))+ v\i + 2tr(L t )£) 



= N [v 2 (J + Ric(iV, N) + £ 

as asserted. □ 
In either case of Proposition 12.121 if there is a special orbit whose dimension is strictly smaller 
than that of a principal orbit, then the volume distortion v becomes zero at the special orbit. 
It follows that if both the metric g and the 1-form uJ is C 2 , then along 7, we have Ric(iV, X) + 
\ u{X) — u>t(Lt(X)) = (resp. Ric(iV, iV) + £ + § = 0). By G-equi variance, these expressions are 
zero everywhere on M. So we have a C 2 solution of the elliptic system in Lemma 12.21 We have 
therefore deduced 

Corollary 2.15. Let G be a compact Lie group acting isometrically with cohomogeneity 1 on a 
connected Riemannian manifold (M,g) where g is of class C 2 . Let U be a G-equivariant 1-form 
of class C 2 . Suppose that on Mq the equations (1 1. 1 lb and <\2.6t} are satisfied. If M has a special 
orbit with dimension strictly smaller than that of a principal orbit, then (\1.9b holds everywhere. If 
in addition (l£5j) holds on Mq, then (1 1. 10b also holds everywhere. 

In particular, if <\1.11\ . (j^.5p . and (jff.ffi) hold, (~g,uJ) is a real analytic Ricci soliton on M . □ 

Remark 2.16. In the setting of Remark ll.171 in order for Proposition ^. 12l to remain valid, we need 
to assume that the hypersurfaces Pt have constant mean curvature and that the scalar curvature 
of g is constant along each Pt. Note that the first variational formula for volume of a hypersurface 
family (cf |Ls] , Theorem 4) implies that the formula v = tr(Lt)v holds when Pt are compact 
(oriented) and of constant mean curvature. Finally, we also need to assume that the divergence 
uj t is constant on each P t . Under these conditions there is an analogous version of Corollary 

In the case of a gradient Ricci soliton with a G-equivariant potential, we can make stronger 
statements as then ujt = 0. 

Proposition 2.17. Let (M, g) be a connected Riemannian manifold with g of class C 2 and on which 
a compact Lie group G acts isometrically with cohomogeneity one. Let u be a C 3 G-equivariant 
function on M . Assume that M has a special orbit with dimension smaller than that of a principal 
orbit. If Eq. (\l.l(j^ holds on Mq, then so does d 1. 1$ . 

If in addition u satisfies \2. 1 lb on Mq, then (| 1. 15b automatically holds. 

Proof. We make use of the computations in the proof of Proposition 12.121 For the first claim, we 
use CCI in (|2TT3j) to get 

Q 

= — (v(Ric(X,N))) -uvRic{X,N). 

The set of t E int(I) at which Ric(X, N) does not vanish is a disjoint union of open intervals. Over 
each such interval, one has \vRic(N,X)\ = Cexp(ti) for some positive constant C. But u(t) is 
everywhere defined and finite. So there is only one interval and its endpoints must correspond to 
special orbits. If one of these has dimension smaller than that of a principal orbit, we would have a 
contradiction. Hence we conclude that Ric(X, N) vanishes everywhere, which is equivalent to the 
first claim. 

For the second claim, we combine (|2.1ip with (|2.14p to get 

N (V(Ric(iV, N) + ii + |)) = 2v 2 (Wc{N, N) + u + |1 u. 
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We can then argue exactly as for the first claim. □ 

Remark 2.18. By Remark 12. 161 there are clearly analogous conclusions for the setting of Remark 
11.171 where we assume that there is a potential which is constant on the fibres of the function t. 

3. A Class of Equidistant Hypersurface Families 

In this section we consider the gradient Kahler Ricci soliton analogue of the Einstein equations for 
the hypersurface families studied in [WW] . [DaW] . |Wa| . and [CGLP] . Of course the hypersurfaces 
here need not be homogeneous; in fact they provide an illustration of Remark 11.171 

To fix notation, let (V 2n \ J{, hi), 1 < i < r, be respectively compact Kahler-Einstein Fano 
manifolds with real dimension 2nj and first Chern class c\(Vi, Ji) = "Pi a ii where pi are positive 
integers, dj E H 2 (Vi]'L) are indivisible classes, and the Kahler metric hi is normalized by the 
condition Ric(/ij) = pihi. For q = (qi, ■ ■ ■ ,q r ) with $ 6 Z \ {0}, let P q denote the principal ?7(1)- 
bundle over V := V\ X ■ • • X V r with Euler class Yli li^X^ii where 7Tj : V\ X • • • X V r — ► Vi is the 
projection onto the ith factor. Denote by Mq the product int(/) x P q for some interval I. 

Next let 9 be the principal U(l) connection on P q whose curvature is $7 := Yli Qi^i^i where rji is 
the Kahler form of the metric hi. Using it we introduce the 1-parameter family of metrics gt on P q 
given by 

r 

(3.1) gf-= f(t) 2 e®e + Y,gi(t) 2 ir*hi 

i=l 

where / and gi are sufficiently smooth functions on /. Note that each gt makes the bundle projection 
map into a Riemannian submersion with totally geodesic fibres, and the curvature form is parallel 
with respect to any of the product metrics on the base. 

We observe that U(l) acts via isometries of gt on the right of P q for all t. This is important for 
two reasons. First it gives rise to a moment map which allows us to introduce a reparametrization 
that simplifies the Ricci soliton equations. Second if we choose the 1-form 57 to be of the form 

£(t)dt + ujt, where uj t = X{t)9, 

then it follows that 6*uit = \^\(t)f(ty 2 z9t = where — Z is the Killing field generated by the right 
U{1) action. Notice that 9{Z) = 1 and gt(Z, Z) = fit) 2 . (The above form for aJ is a natural choice 
because when all the Vi are in addition homogeneous, then P q is homogeneous, and for most choices 
of q, the trivial summand p in the isotropy representation of P q is one-dimensional (spanned by 
Z)). 

The metric g = dt 2 + gt on int(I) x P q is easily seen to be hermitian with respect to the complex 
structure J obtained by lifting the product complex structure of the base to the horizontal spaces 
of 9 and letting J(N) = -f{t)~ x Z. 

We can now write down the Ricci soliton equations as in [WW] . Now tr(L t ) = j + YH=i 2"-i| i i 
is constant on {t} x P q . Also, using the fact that gt is a Riemannian submersion with totally 
geodesic fibres, one sees that 5 yt L t = 0. Therefore we have Ric(N,X) = for all X e TP q . By 
the argument in Remark 11.201 we are reduced to the case of a gradient Ricci soliton, i.e., the Ricci 
soliton equation implies that X(t)9, viewed as a 1-form on M, is a Killing field and hence can be 
subtracted off from 57. 

The gradient Ricci soliton equation on int(7) x P q is then the following system of equations 
(writing u for £ as in §1) 



(3.2) 



Z + V 2 n-^-«-- 

i h ' * 2 ' 
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As in [WW| we introduce the moment map coordinate s defined by ds = f(t)dt and let 

(3.5) a(s):=f(t) 2 , ft( S ) := 5i (t) 2 , V (s):=u(t). 
We shall denote by ' differentiation with respect to s. In addition, let us set 

(3.6) V :=f[ g ^=fl^. 

i=l i=l 

Then the above system becomes 

(3.7) ^a" + >'(log „)' + «>">(£---(£) I - a<p" - \o!y' = ~, 



(3-8) -a" + -a'(log u)' - -«V --^|^ = - ; 

i=l * 



2 r 2 



(3 9) ^ + 2 f £ _ V ) + ^(W - ^ - » + ^ - I 

The first integral (|2.11|) can be written as 
(3.10) aip" + a' if' + ay/ (log v)' - a(ip') 2 - e<p = c 

for some constant c. Equating (|3.7p with (|3.8p we obtain 

-±,(1-^1). 

In view of the results in jWWj and |Waj (Theorems 3.1 and 3.2) we may look for solutions where 

(312) m-^--^V + -^-0 !<<<r 

{S } ft 2UJ 2 ft 2 ~ ' " " 

This forces (p to be a linear function in s. In the following we will show that this leads to gradient 
Kahler Ricci solitons generalizing those constructed in [Ko| . [Cal| . |Ca2j . and [FIK| . As this 
analysis parallels that in [WW], we shall be brief and only emphasize the necessary additional 
considerations. 

We recall that setting all \ii to be is equivalent to the geometric condition that the Riemann 
curvature tensor of g is fully invariant under the action of the complex structure J (cf Corollary 
7.5 in [WW]). There are two types of solutions to Hi = : either ft is a quadratic polynomial in 

2 

s of the form Aq(s + so) 2 — with Aq ^ or it is a linear polynomial of the form ±qi(s + <7j). 
Furthermore, in the latter case, the choice of the minus sign for all i corresponds to the Kahler 
condition for the metric g with respect to the complex structure J. We recall from [G] or [FIK] that 
for gradient Ricci solitons where the metric is Kahler, the vector field X = grad u is automatically 
an infinitesimal automorphism of J. 
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Accordingly, let us set 

(3.13) fa := -qi{s + (Ti), and ip := m(s + kq), 

where <jj and K{ are real constants to be determined. Substituting these into (13. 9h leads to 

(3.14) a' + a((logu)'-/ei) = es + E* 
and the consistency condition 

(3.15) E* = eai — —, 1 < i < r. 

ft 

One can now directly check that (|3.7j) and hence (|3.8p automatically hold, while (|3.10p is consistent 
with (|3.9p provided that 

(3.16) = eK + — . 
Integrating (|3.14[) gives 

(3.17) a = v- x e KlS J {es + E*) e~^ s v ds. 

Combined with the earlier expression A3. 13H we have a family of explicit solutions to the equations. 

In order to construct complete examples from the above local solutions, we need to analyse 
the smoothness conditions when we compactify an end of our cohomogeneity one manifold Mq = 
int(J) x P q by adding a compact submanifold at t = 0. We may assume without loss of generality 
that s = when t = 0. There are then two possibilities. We can add V\ x • • • x V r , which 
corresponds to letting a go to zero as s tends to 0. If V%, say, is a projective space CP ni then we 
can add V2 x • • • x V r (r > 2), which corresponds to letting both a and /3\ go to zero as s tends to 
0. Notice that the former case may be regarded as a special case of the latter case by allowing n\ 
to be zero. 

When we compactify Mq by adding V\ X • • • x V r at t = 0, the smoothness conditions for the 
metric g can be deduced by the methods in section 1 of |EW| . One concludes that / should be 
smooth and odd in t with /(0) = 1 and that gi should be smooth and even with <?i(0) 7^ 0. (We 
have used here the condition 8(Z) = 1.) However, by Lemma 12.21 we actually only need to check 
these conditions up to order 2 and that the functions have a finite third derivative at t = 0. /,From 
f(t) 2 = a(s) it follows that if a is thrice differentiable with ct(0) = and c/(0) = 2, then / is odd 
up to order 2 and thrice differentiable with /(0) = 1. Using these properties in conjunction with 
the differentiability of tp and and (|3.5p . it follows easily that u and gi are thrice differentiable 
and even (up to order 2). Also, /3j(0) > gives <?j(0) 7^ 0. 

If V\ = CP ni and we compactify Mq by adding the submanifold V2 X • • • X V r , then the above 
analysis remains valid except that we must suitably change the conditions on /3\,gi(t) in order that 
g is smooth. Here the key point is that the distance spheres in the normal bundle of V2 X • • • X V r 
must become round as t tends to 0. Recall that in the Hopf fibration S 2ni+1 — > CP™ 1 where the 
sphere has constant curvature 1, the submersed metric has Einstein constant 2(m + 1). Since 
we have chosen /(0) = 1 and Ric(/ii) = (m + l)h\, this implies that g\(0) 2 = 1/2. The relation 
2<7iff'i = 0[f then forces us to choose /3[(0) = 1, i.e., q\ = —1. In other words, if we let q\ = — 1 
and /3i(s) = s, then gi(t) will be smooth and odd (up to order 3) with g\ (0) = ±l/\/2, which will 
ensure that g is smooth. 

Steady Solitons 

We let e = and V\ = CP™ 1 with m > 0. Let = s, i.e., we take q 1 = -1 and a x = 0. 

In order to have f3i{s) > on [0, +00), 2 < i < r, we need to assume — > and aj > 0. The 
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consistency conditions (13.150 and (|3.16p lead to 

c 2d- 

2m+2 = E* = — = — — , 2<i<r, 
«1 Qi 

except in the case r = 2, 712 = when there is no third equality. The manifold M is then C ni . In 
any case it follows that 

(3.18) a(s) = (^1 + 2)^ f s e _ Kl , -q (x + )Bicfa _ 

Notice that v = higher powers of s, where \x is a constant. It follows from (|3.17p that 

a i s ) = n E +\ s + • • •, so the above constraint E* = 2m + 2 guarantees that c/(0) = 2, as required 
by the collapsing. It is also clear that a(0) = and, from (|3.18p . that a{s) > when s > since 
we've chosen U{ positive for i>2. This, together with our choice of q\ above, shows that the metric 
extends smoothly to the compactified end at s = 0. 

To ensure that we get a complete metric g, recall that the geodesic distance 

r° dx 

Jo \Jol{x) ' 

and so we need to ensure that the integral diverges as s — ► +oo. If > 0, then the integral in 
(|3.18p is bounded and so a(s) grows exponentially. The geodesic distance would then be bounded. 
On the other hand, if K\ < 0, the integral in (|3,18p grows like ^^-s ni_1 hnrg-^is^ g G a(s) is 
asymptotic to a positive constant, and hence the geodesic distance is unbounded and the metric 
is complete. The K\ = case is the Einstein case, and a(s) grows like s. So again the geodesic 
distance is unbounded. 

For K\ < 0, we see that (suppressing multiplicative constants) for large t, f(t) is 0(1), gi(t) ~ t 1//2 , 
u{t) ~ t, and the volume of the hypersurfaces grow like t("- 1 )/ 2 . (Recall that n is the dimension 
of P q .) In other words, the hypersurfaces {t} x P q are asymptotically circle bundles whose fibres 
have approximately constant circumference. This kind of behaviour is often referred to as cigar- 
paraboloid asymptotics (inspired by the Hamilton- Witten cigar soliton in complex dimension one). 
One can calculate in our examples that the sectional curvatures of g decay at least as fast as i" 1 
as t becomes large. 

The free parameters in this construction are a% > and K\ < 0. (The constant kq represents 
an inherent ambiguity of the potential function u(t).) If we multiply the metric g by a positive 
constant, then e becomes divided by the constant, as the Hessian of u and the Ricci tensor are 
unchanged. Therefore, we obtain an r (resp. r — 1) parameter family of Kahler Ricci soliton 
solutions if we compactify Mq at one end by adding V\ X • • • X V r (resp. V2 X ■ ■ ■ X V r ). 

Note finally that if we let K\ = u(0) tend to we obtain the convergence of non-trivial Kahler 
Ricci solitons to Ricci-flat Kahler metrics. 

Expanding Solitons 

We assume e = 1 to factor out homothety. As in the case of steady solitons, we need — qi > 
0, (Ji > for 2 < i < r and q\ = —1. The consistency conditions A3. 15f> and (|3.16p become 

k + — = E* = 2m + 2 = -— + a h 2<i<r. 
ki qi 

Hence (Tj are no longer free parameters and we need to have 



-qi{ni + 1) > Pi, 
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except when r = 2, ri2 = 0. We now have 

(3.19) a(s) = = f\x + 2m + 2)e'^ x f[(x + a^dx. 

As before, we need K\ < for the completeness of Indeed when «i < 0, a(s) grows like — — s 
and when m = 0, a(s) grows like s 2 , so the geodesic distance t is unbounded. In the case «i < 0, 
it follows that (suppressing multiplicative constants) for large t, f(t) ~ t, gi{t) ~ t, u(t) ~ t 2 
and the hypersurfaces {t} x P g have Euclidean volume growth, i.e., each M has an asymptotically 
conical end. Hence we obtain a one-parameter family of soliton solutions which converge to a 
complete Kahler-Einstein metric with negative scalar curvature. As before, our choice of E* and q\ 
guarantees smooth extension over the compactified end at s = 0. One may check that the sectional 
curvatures of the metric decay like t~ 2 as t becomes large. 
We may summarise the above discussion as 

Theorem 3.20. Let (V£, Jj, hi), 1 < i < r, r > 2, be Fano Kahler-Einstein manifolds with complex 
dimension Hi and first Chern class piOi where pi > and aj are indivisible classes in H 2 (Vi,Z). 
Let V\ be CP ni with normalised Fubini-Study metric and assume that n\ > 0. Let P q denote the 
principal S 1 bundle over V\ X • • • X V r with Euler class — 7r*(ai) + Ya=2 % 7r J *( a i)- 

(i) If —qi{n\ + 1) = pi for all 2 < i < r, then there is an (r — l)-parameter family of non-trivial 
complete steady gradient Kdhler-Ricci solitons on the underlying space of the corresponding 
complex C™ 1+1 vector bundle over V2 x • • • x V r . 

(ii) If —qi{n\ + 1) > p%, for all 2 < i < r, then there is a 1-parameter family of non-trivial com- 
plete expanding gradient Kdhler-Ricci solitons on the corresponding complex C ni+1 vector 
bundle over V2 x • • ■ x V r . 

In both cases, the Kdhler metric on the bundle has a circle of isometries and the soliton potential u 
can be chosen to be constant on the distance sphere- subbundles. If we let the value of u at the zero 
section tend to and fix the rest of the parameters, then the soliton metrics converge to a complete 
Kahler-Einstein metric. □ 



Remark 3.21. In (i) of the above theorem, the case m = 0,r = 2 with V2 = CP" - was obtained 
in [Cal| and [ChV| (cf Proposition 5), as was the case ri2 = 0,r = 2 with V\ = CP™ where the 
manifold is C n+1 . Cao further made the important observation that this 1-parameter family of 
examples contain ones with positive sectional curvature. 

In (ii) of the above theorem, the case ri2 = 0, r = 2 with V\ = CP n was obtained in |ChV| (cf 
Proposition 3) and [Ca2]. Cao again showed that this example contained solutions with positive 
sectional curvature. The case m = 0, r = 2 with V2 = CP n was obtained independently in |ChVj 
(cf Proposition 5) and [FIKj . That V2 can be replaced by any Fano Kahler-Einstein manifold was 
noted in |PTV| (cf Theorem 2). 

Remark 3.22. The above arguments also work in the case of expanding solitons if some of the 
Pi are allowed to be nonpositive (i.e., the Kahler-Einstein manifolds have c\ < 0). When the base 
consists of a single Kahler-Einstein factor this was observed in [PTVj (cf Theorem 1). 

More precisely, for a base factor that has negative first Chern class, we need to assume that 
c\(Vi,Ji) = piOi where pi is a negative integer and aj is an indivisible class in H 2 (Vi]Z), and 
for a Calabi-Yau base factor, we assume that the Kahler form r\i of the metric hi is 2ir times an 
integral cohomology class aj. Then the conditions on the Euler class of the U{\) bundle P q are that 
qi = —1 (Vi = CP ni ,ni > is still the collapsing factor), qi < for the non-positive KE factors, 
and — ?f (m + 1) > Pi for the Fano KE factors. So again we obtain a 1-parameter family of Kahler 
Ricci solitons. 
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Shrinking Solitons 

We again set e = — 1 to factor out homothety. We first assume r > 2 and let V\ = CP ni 
(m > 0) with the normalised Fubini-Study metric. Then the consistency conditions (I3.15P and 
(|3.16j) become 

(3.23) 2ni + 2 = E* = — - k = -a { - — , 2 < i < r. 

«1 Qi 

Observe that if we ensure that v > in (13. 17ft . except at endpoints of/, the factor E*—s = 2n\+2—s 
in the integrand could still make a become non-positive. We therefore have to consider two separate 
cases, corresponding to whether or not this happens at a finite endpoint. 

First let us consider solutions defined on a finite interval [0, s*], where at s = s* we need to 
put in a compactifying submanifold as well. In this case, let r > 3 and set V r = CP TV (n r > 0), 
equipped with the normalised Fubini-Study metric. The compactifying submanifold at s = s* 
becomes V\ x • • • x V r -\. 

If we now apply the smoothness conditions at s = s*, we obtain q r = 1 and j3 r = s* — s. The 
consistency condition f)3. 15j) implies that s* = 2{n\ +n T + 2). In order to have $ > on [0, s*], 
the inequalities 

-(ni + l)qi < pi, (n r + l)qi<pi, 2<i<r-\ 

must hold. These relations mean that ai,s^ + Oi both have the opposite sign to qi for 2 < i < r — 1. 
Now a becomes 



a(s) = — — 5 r^nx + 2- x)e~ KlX f] ( x - 1n x - 2 - — ^ 



dx, 



qi ' •' u i=l 

where we have cancelled a factor of Hi( — 1i) ni from the numerator and denominator. By examining 
this formula, we see that in order for a(s*) =0 and a(s) > on (0, s*) it is necessary and sufficient 
that the integral 

(3.24) J:= / e-s^z+m+l) TT ( X -El) x dx = 0. 

J-m-l \ 

We have therefore deduced 

Proposition 3.25. Let (V^, Jj, /ij), 1 < i < r, r > 3, be Fano Kahler- Einstein manifolds with 
complex dimension ni and first Chern class piOi where pi > and ai are indivisible classes in 
H 2 (Vi; Z). Let V\ and V r be complex projective spaces with normalised Fubini-Study metric. Let P q 
denote the principal S 1 bundle over V\ X • • • X V T with Euler class — n\ (ai) + ^[=2 Qi ^*{(ii) + TT*(a r ). 

Suppose in addition that —{n\ + l)qi < pi and (n r + 1)^ < pi for all 2 < % < r — 1. Then 
there is a compact shrinking gradient Kahler Ricci soliton structure on the space M obtained from 
P q x 51 CP 1 by blowing P q down to V2 x • • • x V r at one end and to V\ x • • • x V r —% at the other end 
iff for some K\ € M, the integral in ( |3.£^p vanishes. The Ricci soliton is Kahler- Einstein if K\ = 
and is otherwise non-trivial. □ 

Remark 3.26. (i) The examples of Koiso [Ko], Cao [CaT] . and Chave-Valent [CEV] of CP 1 -bundles 
over complex projective space correspond to the situation when r = 3, V2 = CP™ 2 , and n\ = 77,3 = 0. 
Here q2 must satisfy < \q2\ < U2 + 1. Other similar examples with orbifold singularities were 
constructed in [FIK]. Actually, it was already observed earlier in [G] that V2 can be any Fano 
Kahler-Einstein manifold. 

(ii) The integral T is a special case of the new holomorphic invariant introduced in [TZ2| . When 
K\ = 0, it becomes the Futaki character for the first Chern class of (M, J) evaluated on the real 
holomorphic vector field J(Z) = fN. 
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(iii) Note also that if n\ = n r we have (for fixed pi and rii) the relation 

X(- Kl ,- q ) = (-if+^^e^^+^X^q). 

In particular, when n\ = n r , if X vanishes at K\ = g for the Kahler manifold determined by 
Q = (?i) " " " > Qr), then X vanishes at k\ = — g for the Kahler manifold determined by —q and inter- 
changing V\ and V r . (These manifolds are related by a diffeomorphism which reverses orientation 
along the fibres.) 

We will now examine the asymptotics of the integral in (|3.24[) as becomes large. We shall 
use the identity 



(3.27) / e -^x m dx = ^ TT [l-e-K'Y, 



j=o J 



In particular, note that if P(x) is a polynomial then for K\ >> 

Jo «i 

where 6 m is the lowest nonzero coefficient of P. Letting x = s — x, we see that for k\ « 

f e-^ x P{x) dx ~ e -i s _^!_ 

where P(x) = bfn{s — x) m + higher powers of (s — x). Hence the asymptotic signs of the integral 
are given by the signs of b m and b r - n respectively. 

If we now substitute y = 2(x + n\ + 1) in the integral in (|3.24p . we obtain 

X = 2 -(™i+-+™>-+ 2 ) jT* e - Kiy (y - 2ni - 2) f[ (y - 2m - 2 - ^ ' dy. 
Equivalently, 

(3.28) J=2 -K+-+^+2) r%-^VHy-*0*(y-2ni-2)TT(i/ + <Ti) ni dy 

J * i=2 

where we have used (|3.23p . p\ = n\ + l,p r = n r + 1, q% = —1, gy = 1, and s* = 2(ni + n r + 2). Now 
the discussion following (|3.27p shows that 

o-(ni+...+rir+l) „ | „n r ( „ i i \ ?"zi 

(3.29) J - wi " 1 1 ,S * 11 + j (-l)™^ 1 1[ a ? for Kl » 0. 

i=2 

In particular the asymptotic sign of X is that of (— \) nr+l \YiZ2 c™ -1 . 

Similarly, the asymptotic sign of X for ki << is that of (-l) nr 111=2 ( s * + a iT'- But as noted 
earlier, s* + Oi and Cj have the same sign for 2 < i < r — 1. Hence the asymptotic signs are always 
opposite, and we obtain 

Theorem 3.30. All the compact Kahler manifolds M described in Theorem \3.25\ are Fano and 
admit an explicit gradient Kahler Ricci soliton. □ 

We illustrate our discussion with some examples. 

Example 3.31. Let us consider Ricci solitons on CP 1 -bundles over CP 2 x CP 2 . We are therefore 
just collapsing a circle at each endpoint, rather than a higher-dimensional sphere, so we take r = 4 
and n\ = 714 = 0. Moreover ri2 = n.3 = 2 and P2 = P3 = 3. We must choose \qi\ < pi for i = 2, 3. 
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(This also implies that the first Chern class of the resulting complex manifold is positive.) Let us 
take (92,93) = (1, — 2) . Our integral (13.24h becomes: 

(3.32) f 1 e~ 2Kl{x+1) (x - 3) 2 (x + h 2 x dx. 

Using MAPLE, we find that if k\ = then this integral equals 7.8 (so there is no Kahler-Einstein 
metric). If K\ = |, on the other hand, the integral is approximately -0.7289, so there is a K\ £ (0, i) 
where (|3.32p vanishes and we have a shrinking Ricci soliton. 

Note that more examples can be obtained by taking the base to be a product of complex projective 
spaces. Since SU(rij + 1) acts transitively on CP™ and we have an additional isometric circle action 
on the fibres, the resulting S 2 bundles are toric. There is, of course, a general existence theorem 
for Kahler Ricci solitons for toric Fano varieties due to Wang and Zhu |WZj . So the examples we 
get here are not new, but the Kahler metrics are reasonably explicit. 

For non-toric examples with inhomogeneous base we may take some of the factors in the base 
to be suitable Fermat hypersurfaces J-(n,d), i.e., smooth degree d hypersurfaces in CP n+1 . These 
have c\ equal to (n + 2 — d) times the generator of the second integral cohomology group, so are 
Fano if d < n + 2. They are known to admit Kahler-Einstein metrics by the work of Siu [Si] and 
Tian [Tl] if d = n, n + 1, of Nadel [Na] if ^(1 + n) < d < n + 1 , and of Tian |T2] for the remaining 
cases. 

Example 3.33. Let us take r = 4 and n\ = = 0, with V2 and V3 equal to the irrational 
Clemens-Griffiths three-fold J 7 (3, 3) [ClGrj . As 712 = = 3, 01(^(3, 3)) is twice the generator, and 
so P2= P3 = 2. 

If we choose (92, 93) = (— 1, — 1) the integral (|3.24[) is 

J e- 2Kli ~ x+1) {x + 2fxdx. 

If Ki = 0, this is ±f*, so there is no Kahler-Einstein metric. If k\ is large positive, we see from 
(|3.29p that the integral is ~ — , so we deduce there is a positive value of k\ for which the integral 
vanishes. We thus obtain a Kahler-Ricci soliton on a CP x -bundle over a product of two copies of 
^(3,3). 

Example 3.34. We next consider an example with blow-downs. We take r = 3, i%x = 113 = 1 and 
V2 to be ^-"(4, 3). Now ?i2 = 4 and 01(^(4, 3)) is three times the generator . We need 1 2^2 1 < Vi = 3, 
so 92 = ±1- If we choose 92 = —1 our integral becomes 

f 2 

J e- 2K ^ x+2 \x + 2)(x + 3)\x-2)xdx. 

For K\ = this is —1^2 while for k\ large positive it is ~ - 2 j, so again we deduce the existence of 
a soliton. 

Let us now consider noncompact complete shrinking solitons. We look for solutions defined on 
[0, +00), so that we only need to put in the compactifying submanifold V2 x • • • x V r at s = 0. That 
this type of solution actually exists was first observed in [FIK] . In the following we describe the 
natural generalization of these examples. 

As in the steady and expanding cases, we take r > 2 with 91 = — 1, o"i = 0, so (3\{s) = s. In 
order for @i(s) > 0, 2 < i < r, we need to assume —9, > and cr, > 0. The consistency conditions 
(|3,15p and (13.160 then lead to the conditions 

< -(raj + 1)« < Pi, 2<i<r. 
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The specific form for a(s) becomes 

a(s) = = , 6 , -. — / e~ KlX (2ni + 2 - x)x ni TT \qi\ n Hx + dx. 

It is clear from this expression that unless Ki > 0, a(s) will eventually become negative. Therefore, 
from now on we let K\ > 0. Since o~i > by choice, the integrand is positive on (0, 2n\ + 2) and 
negative if x > 2n\ + 2. So the integral in a(s) is increasing on (0, 2ri\ + 2) and monotonically 
decreasing on (2(ni + 1), +oo). In particular, a(s) > for all s > provided we can show that the 
integral is asymptotically positive. 

Observe as before that the term in braces in the integrand is a polynomial 

= a D x D + ao-xx " 1 H h a ni x ni 

with D = m + • • • + n r + 1 and ao < 0, a ni > 0. Using the formula (|3.27p we obtain 

* ni fl(h\(s + treats) = f e -***(s)cfc = E ^ " E f E ^ 

i=2 70 fe= m K l fc=ni K l \j=0 J ' 

Recall from our discussion of the steady and expanding cases that if we are to have a complete 
metric a(s) cannot grow exponentially. It follows from our last formula that we must choose K\ > 
so that 

(3-35) Ej^ = «- 

k=n\ 1 

This is certainly possible since an < and a ni > 0. In fact, such a k\ is unique. For the expression 
on the left of f)3.35|) is x(^) where the coefficients of x( x ) are obtained from those of ^(x)/x ni by 
multiplying by positive constants. But by the definition of X I / , we see the roots of the polynomial 
fy(x)/x ni are all real, and moreover one root is positive and the rest are all negative. Descartes's 
rule of signs now implies there is exactly one sign change in the coefficients of *$>(x)/x ni . Hence 
this is also true for x( x )> an d the rule of signs now implies % has a unique positive root. 
With such a choice of k±, it follows that for large s we have 

-a D s 
a(s) ~ — = — j — j — s ~ — 

Kill<=2l«r K i 

As K\ is positive, we see that a(s) is positive for large s, and hence as observed earlier, for all s > 0. 
So our Ricci soliton solution is defined on the whole interval [0, oo), as desired. Furthermore, the 
geodesic distance t ~ 2y / Kis 1/ ' 2 , so f(t) ~ (2ni)~ 1 t, and gi(t),u(t) ~ positive constants times t and 
t 2 respectively. Hence M has an asymptotically conical end, just like the situation in the expanding 
case. In particular, the metric is complete. As in the expanding case, the sectional curvatures decay 
like t~ 2 . We have therefore deduced 

Theorem 3.36. Let (Vi, Ji, hi), 1 < i < r, r > 2, be Fano Kahler- Einstein manifolds with complex 
dimension ni and first Chern class piai where pi > and ai are indivisible classes in H 2 (Vi,Z). Let 
V\ be CP ni ,ni > 0, with normalised Fubini-Study metric and let P q denote the principal S l bundle 
over Vi x ■ ■ ■ x V r with Euler class — ^(ai) + Y2l=2 H^ifai)- 

Suppose in addition that < —{n\ + 1) qi < pi for all 2 < i < r. Then there is a complete 
shrinking gradient Kahler Ricci soliton structure on the space M obtained from the line bundle 
P q x s i C by blowing the zero section down to Vi x ■■■ xV r . The Ricci soliton metric has an 
asymptotically conical end. □ 
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Remark 3.37. The examples in |FIK| correspond to taking r = 2, n\ = and V2 to be a complex 
projective space. As noted there, the case r = 2, ri2 = corresponds to flat C ni+1 as a shrinking 
soliton. Of course the essentials of the above analysis are similar to those in [FIKJ. 

As discussed in §0, the Ricci flow of a soliton with vector field X \s a, combination of rescaling 
by (1 + er) and pulling back by diffeomorphisms ip T , where ijj T integrate the field Y T = j^pX. 

In our examples X = grad u, and u is constant on hypersurfaces, so we have X = u N . We 
need a flow tp T such that 

^(/oVr(m)) = Y T (Vv(m))/ 

for all / £ C°°(M). For our choice of Y T , the flow on int(J) x P is of the form ip T {t,p) = (S(r, 
where 

dr 1 + er 

Hence S is given by 

f F-^^^ + F^) if e /0 
\ F _1 (r + F(t)) if e = 0, 

where -F(i) is an antiderivative of = • On the other hand, at an endpoint of the interval /, 
u must be zero by Lemma 11.211 So at a compactifying submanifold of our shrinking or expanding 
solitons, the Ricci flow just homothetically shrinks the submanifold as we approach the critical 
time. This is consistent with F(t) approaching ±00 as t — > 0, as we shall see below. 

Let us consider our noncompact shrinking solitons. Now e = —1 and K\ is positive, and F(t) 
is asymptotically a positive constant times \ogt as t approaches or 00. More precisely, the 
discussion before Thm 13.3^1 shows that F(t) ~ 21ogt as t becomes large, since f(t) ~ (2K\)^ 1 t. 

Hence ~ ez* for t large. As r approaches 1 from below, we see 

H(<r,t) ~e2 F W(l-r)-2 ~i(l_ T )-3. 

In particular S(r, t) — > 00 as r tends to 1. Now the Ricci flow is the combination of ip T and overall 
rescaling by (1 — r), so we see that the leading, i.e., t 2 terms in the metric coefficients survive and 
the other terms are killed. So under the Ricci flow our soliton flows towards a cone, which is the 
same as the asymptotic cone of the original metric. 

For the complete expanding solitons, we have e = 1 and K\ < 0. Asymptotically a(s) ~ — 

and f(t) ~ (— 2n\)~ 1 t, so F(t) ~ — 21ogi and tends to —00 for large t. Hence ~ e _ 2* for t 

large negative. We have 

E(r,t)=F- 1 (F(t)+\og(l + r)), 
so as r approaches —1 from above 

S(r,t) ~ e"5 F W(l + t)-^ ~ i(l + r)~i 

Under the Ricci flow this term is rescaled by 1 + r, and again all terms except the leading conical 
t 2 terms disappear in the limit. So as before the soliton approaches the asymptotic cone of the 
original metric. 

For the complete steady soliton, we have e = and K\ < 0. Now a(s) and f(t) are asymptotic to 
positive constants as t becomes large, while f(t) ~ t for t ~ 0. Hence F(t) ~ fit for t large, where 
{j, is a negative constant; also F(t) ~ for t close to zero. Hence F(t) tends to 00 as t — ► and 
tends to —00 as i — ► cxd. So ~ fi~ 1 t for t — > —00 and ~ e Klt for t — > 00. 

Hence as r — > —00, we have H(r, t) ~ + F(t)). In particular H(r, t) — > 00. 

As r — > +00, we have H(r, t) ~ e KlT • e^ 1 ^^), so E(r, t) tends to zero. 
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Remark 3.38. Recall from the discussion after Eq. (|3.12p that (13. 12ft also admits solutions where 
Pi are quadratic polynomials in s. In [WW] such a choice of Pi was shown to give rise to Hermitian, 
non-Kahler Einstein metrics. However, for the Ricci soliton equations such an ansatz turns out to 
be inconsistent except in the case of a trivial soliton. 

4. Another class of examples 

We may find another class of Kahler-Ricci solitons by exploiting the ideas used to study Einstein 
metrics in |DaWj . Recall that in that paper we took the hypersurface to be a homogeneous space 
G/K (for G compact and semisimple) that fitted into a fibration 

(4.1) S 1 = Q/K -+G/K -^G/Q 

where G/Q is a generalised flag variety with a fixed invariant complex structure (i.e., G/Q is a 
connected compact homogeneous Kahlerian space or coadjoint orbit for G). 

In fact every circle bundle over G/Q is of this form. For generic choices of circle bundle the 
isotropy representation for G/K is multiplicity free, that is, all the irreducible summands are 
inequivalent as -fT-modules. We shall always make this genericity assumption in the following 
discussion. We write, therefore, the isotropy representation as: 

(4.2) p = p o epi0---©p r 

where p is the 1-dimensional trivial represention corresponding to the tangent space to S 1 in (|4. 1 p . 
We denote by di the real dimension of pj. As K acts trivially on p , the adjoint action of p is 
if-equivariant, and it preserves each p i} 1 < i < r, since p has no multiplicities. We can choose a 
G-invariant complex structure J* on G/Q, which on each p { , 1 < i < r, is proportional to ad(Xo) 
for some Xq E p . Note that each dimension di is even. 

The G- invariant metric gt on G/K may now be written in the form 

(4.3) gt = f(t) 2 (, )\ Po egi(t) 2 (, )\ Pl e---eg r (t) 2 (, )\ Pr . 

Here the background metric ( , ) on G/K is chosen to submerse over the canonical Kahler-Einstein 
metric g^E on G/Q with Einstein constant equal to one. Moreover, if U is the element of p such 
that exp(27rt[/) = e 2mt G S 1 = Q/K, then we choose the background metric on the S 1 fibre so 
that (U, U) = 1. Observe from the above remarks about the ad(p ) action that gt is a Riemannian 
submersion over the metric g* t = Ya=i 9i(t) 2 ( > )lp on G/Q. We denote the Ricci tensor of g\ by 
Hie?- 

We denote by £1* the invariant 2-form on G/Q defined by 

(4.4) n*(Y,Z) = -(U,[Y,Z}\ p ). 

Now — 2tt^* represents the Euler class of the fibration (|4.1|) . By invariance and the multiplicity 
free property, (p i , p •) = for i ^ j. Moreover there exist constants 6j (i = 1, . . . , r) such that 

(4.5) nip, = 61©^ (i = l,...,r), 

where ®* KE is the Kahler form for g* KE - 

As in [DaW| we can define an integrable complex structure J on int(I) x (G/K) by lifting J* 
to the horizontal space in (|4.1j) and defining J(-§i) = f l U. Now J is Hermitian with respect to 
g = dt 2 + g t . 

We now consider the Ricci soliton equations for the cohomogeneity one metric g = dt 2 + gt and 
the 1-form Co = u dt, where u is G-invariant. By Prop 3.18 of [BB], Hic(X, N) = due to the 
multiplicity free assumption, so as in Remark 1 1 . 201 there is no loss of generality in taking the soliton 
to be of gradient type. 
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The equation (II. 14ft corresponding to mixed directions is now automatically satisfied, so we just 
have to consider fjl . 15|) and (j!.16|) . We may write the tensors in (|1.16p as endomorphisms with 
respect to gt, so the equation becomes: 

(4.6) n-L- (trL)L + iiL + | = 

where rt is the endomorphism defined by Rict(X, Y) = gt(rt(X),Y). Since p has no multiplicities, 
Schur's lemma implies that both L and rt are diagonal with respect to (|4.2p and are scalar on each 
summand, so (j!.16j) just becomes a system of r + 1 scalar equations, one for each pj. 
We have 

T J- ( f 91 T 9r T \ 

\f 9i 9r J 

where 1^ xd t denotes the di x di identity matrix. Hence (|1.15|) is just equation (|3.2p with 2rii replaced 
by di, the dimension of pj. The component of (|1.16p corresponding to p is 

rA*\ /,f j f9i uf e 

(4 ' 7) 7 + g*S-T- r, = 2 

where r t is the scalar defined by Ricf (U, U) = r t gt(U, U) = r t f 2 . 

Now, as in [DaW| . we may use the O'Neill formulae ( |Bej Chapter 9) to compute Hict(U, U). 
The submersion (|4.ip has totally geodesic fibres so the O'Neill tensor T is zero, and by ( |Bej 9.36a) 
Ricf(C/, U) = gt(AU, AU) where A is the second O'Neill tensor, defined by 

A El E 2 = nV t HEl VE 2 + VV t HE JiE 2 . 

where 7i and V denote horizontal and vertical components respectively. 

Let us take a basis Yi a : a = l,...,di for each pj (i > 1), orthonormal with respect to the 
background metric ( , ). Now we form a ^-orthonormal basis for the horizontal space T(G/Q) by 
taking Y^jgi : a = 1, . . . , di, i = 1, . . . , r. We denote these vectors by Xk and note that AxJJ is 
horizontal. By [Be] 9.36a and 9.33c, we have 



Ric t (£/,£/) = g t (AU,AU) := ^ g t (A Xk U, A Xk U) . 

k 

It follows that 



Ric t (U,U) = Y^9t{A Xk U,X_ 



= Y.9Mx k X v Uf 

j,k 

4 gf 

i=l a,f3=l y * 

4 ^1 gf 

where we have used [Be] 9.21d, 9.24 and the definition (|4.4p and property (|4.5p of £1* . 

______ , f2 d ______ 

Hence r t in equation (|4.7p is ___[ =1 ^j— rS and (|4.7p is equivalent to (|3.3p with di = 2n« as above, 
and 6? = a}. 
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The component of (j!.16[) corresponding to pj (i > 1) is 

(4.8) <H_(^ + fm + j^ m L _u9 1 _ rt= e 

9i \9iJ J9i ~ 9i9j 9% 2 

where r% is the scalar defined by Kict(Yi a , Yi a ) = ng 2 . 

We take U = jU as a ^-orthonormal basis for the vertical space. Now, using the O'Neill 
formulae again: 

Ric t (Y ia , Y ia ) = Ric* t (Y ia , Y ia ) - 2g t (A Yia lI, A Yia U) 

= m c * t (Y ia ,Y ia ) -2Y,gM Yta u,Xj) 2 

j 

= Ric t * (1^ ,Y ia )-2j29t (A Yta Xj , U) 2 

3 

= Ric* t (Y ia , Y ia ) - 2 ^*(Y ia , Xj) 2 

j 

- Ri r */y. V \ f 2 \^ b i®KE( Y iai Y if3) 2 

— lvlc t v 1 ict i 1 la ) r. / J 2 

1 0=1 9 i 



— Rjc^ (Yia i Yi a j o 

l 9% 

where we used |Bej 9.36c, 9.33a as well as the earlier calculations. 

Now we make the ansatz of §3 (and of |DaWj ) ; that is, we assume that the functions gf are linear 
polynomials in s, the antiderivative of f(t), We further assume that bi is the coefficient of s, so 

(4.9) g 2 (t) = b i s + a l i = l,...,r. 

We showed in §1 of |DaW| that this means that the 2-form O defined by the metric g and complex 
structure J is closed in mixed directions, i.e., dQ(-m, •, •) = 0. Also dQ(U, •,•) = so 8 satisfies the 
Kahler condition provided that 

r 

(4-10) ®*s=J2& S + a ^ @ KE\p i 

i=l 

is closed as a 2-form on G/Q for all s. From (|4.5p this is true provided we choose YH=i a i®*KE\p 
to be closed. 

If we choose in this way then for all s the metric g* on G/Q is a G-invariant Kahler metric 
with respect to the fixed complex structure J*. As discussed in [DaWj, g* therefore has the same 
Ricci form as g^ E , so 

RiCj (Yi a) Yia) = R^KE^i&i Y ia) = (Yi a ,Yi a ) = 1. 

Hence r t in (14. 8D is 

9l 2gf 

and now (|4.8p is equivalent to (|3.4p with pi = 1, bf = qf and di = 2nj. 

So our equations are actually equivalent to those of §3, with the ansatz, as in §3, that each gi(t) 
is a linear function of s. Putting a(s) = f(t) 2 ,fli(s) = gi(t) 2 ,v = Yli=i an d 'Pi 8 ) = u (t), as in 



ON RICCI SOLITONS OF COHOMOGENEITY ONE 



27 



§3, the solution is given by (13.170 where 

(4.11) (3i(s) = + a { : (j)(s) = « x (s + k ) 
and where we have consistency conditions 

(4.12) £* = ^-±^ : l<i<r. 

The constants a^, bi are related to those in §3 by bi = —qi and Oi = p. 

If e 0, then (|4.12p and (j4.10j) show that Q s is a linear combination of O and ®*kei so * s 
automatically closed. If e = 0, we do need to impose the condition that Yl a i®*KE\p z * s c l° se d- 

The asymptotics of our solutions are the same as those in §3. In the case of steady solitons with 
Ki < the metric is complete at infinity and the circle fibres in g± have asymptotically constant 
radius. For expanding solitons with k\ < again we have completeness at infinity and the metric 
g is asymptotically conical. We also have asymptotically conical shrinking solitons with k\ > 0. 

As in §3, we can consider possible collapsing to special orbits. Consider a special orbit G/H 
where K C H ; for smooth collapsing we need H/K to be a sphere S k . As in [DaW] . we take 

f) = I © P © Pi © • • • © Pm 

for some m > (t) must be of this form if the Hermitian structure extends over the special orbit). 
Note that m = corresponds to the case where we just collapse a circle and we have H = Q. Also 
note that d\ + ■ ■ ■ + d m = {k — 1). 

As before, for the metric to smoothly extend over the special orbit the spheres in the normal 
bundle to G/H must approach the round metric. Let us write the round metric of constant 
curvature 1 on H/K as 

Co( , )lp , }\p 1 + --- + c 2 m ( , )\p m . 

(In fact Co = 1 by our choice of U.) If the special orbit occurs at s = t = 0, we need 

/(0) = : 9i (0) = 0(i = l,...,m) 

/(0) = 1 : flj(0) = c i (i = l J ...,m) 
for the metric to extend smoothly. Similar calculations to those in §3 show these conditions become 

a(0)=0 : ft(0) = (i = 1,... ,m) 
a'(0)=2 : #(0) = 2c?(t = l,...,m) 

so we need 

(4.13) ai = 0, h = 2c 2 i (i = l,...,m) 
from the conditions on fy. The condition on a' is equivalent to 

(4.14) E* = k + 1. 
so by flUZD 

(4.15) c < = kTT : ( i = 1 '"->"0 

In the compact case, where the interval / is [0, s*], we also need conditions at s = s*. These 
conditions (in terms of a, (3) are the same as those at s = (for a different set of indices i, of 
course) except that the signs of the derivatives are changed. If k denotes the dimension of the 
collapsing sphere at s = s*, and if the indices of the corresponding collapsing summands are 
labelled m + j, . . . , r, then we have e? = l/(k + 1) : (i = m + j, . . . , r) and we need 

s* = k + k + 2. 
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As in §4 of [DaW], we can arrange that the above conditions are satisfied for suitable choices 
of H, and thus obtain complete examples of shrinking, expanding or steady solitons, as well as 
examples of compact shrinking solitons (as in §3, the integral (j3.24j) vanishes for some choice of 
Ki). In the case of compact shrinking solitons with no blowing-down these examples are included 
in those found by different methods in [PS2]. 

Remark 4.16. To compare with the results of [DaW| for Kahler-Einstein metrics, observe that 
the Einstein constant A equals — |, so we recover the consistency relation (2.13) of [DaW]. Our 
E* is twice the constant C of [DaW], and relations (|4.13|) . (|4.14|) give the relations (3.1), (3. 2) of 
[DaWj. Note also that the volume v in the current paper differs from the 'V in |DaW] by a factor 
of/ 2 - 
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